Horn recursion is a term used to describe when non-vanishing products of Schubert classes in the cohomology of flag varieties G/P are characterized by inequalities parameterized by similar non-vanishing products in the cohomology of "smaller" flag varieties. We consider the partial flag variety SL n /P and find that H * (SL n /P ) exhibits Horn recursion on a certain deformation of the cup product. We also show that if a product of Schubert classes is non-vanishing on this deformation, then the associated structure constant can be written in terms of structure constants coming from induced Grassmannians.
Introduction
Let G be a connected semi-simple complex algebraic group and let P be a standard parabolic subgroup and consider the homogeneous space G/P . If W G is the Weyl group of G, let W P be the set of minimal length representatives of the coset space W G /W P . For any w ∈ W P , define [Λ w ] to be the cohomology class of the shifted Schubert varietyΛ w := w −1 BwP ⊆ G/P . It is well known that the elements of W P parameterize an additive basis of the cohomology ring H * (G/P ) = H * (G/P, Z) by these classes. The general question we address is: Under what conditions is a product of classes s k=1 [Λ w k ] non-vanishing? Horn's conjecture [6] on the Hermitian eigenvalue problem provides interesting answer to this question in the case of G = SL n and P is a maximal parabolic. In this case G/P is the standard Grassmannian Gr(r, n). The result is that a product of such classes in the cohomology of Grassmannians is non-vanishing if and only if the s-tuple (w 1 , w 2 , . . . , w s ) satisfies a certain list of linear inequalities called Horn's inequalities. Remarkably, Horn's inequalities themselves are indexed by the non-vanishing of similar products in smaller Grassmannians (Horn recursion). Horn's conjecture was proved by the work of Klyachko [8] and the saturation theorem of KnutsonTao [9] . Belkale [1] later gives a geometric proof of Horn's conjecture set in the context of intersection theory. A general discussion about the connection of Horn's inequalities to other topics can be found in Fulton [3, 4] .
What we wish to explore is to what extent does Horn recursion generalize to G/P . PurbhooSottile [10] found Horn recursion for G/P where P is cominuscule (i.e. the associated simple root α to the maximal parabolic P occurs with coefficient 1 in the highest root β). However, Horn recursion has not been found in any G/P where P is not maximal. In this paper we consider the case of G = SL n (C) and P is any standard parabolic subgroup. The homogeneous space SL n /P corresponds to a partial flag variety Fℓ(a, n) for some set of integers a = {0 = a 0 < a 1 < a 2 < · · · < a r < a r+1 = n}. Belkale-Kumar give an interesting set of inequalites in [2] n − a i + j − w
is valid for all i ∈ {1, 2, . . . , r}. We refer the reader to definition 7 for the definition of w k i . These inequalities can be described geometrically by considering the projections f i : Fℓ(a, n) → Gr(a i , n). The inequalities (1) simply state that the expected dimension of the intersection s k=1 f i (Λ w k ) in Gr(a i , n) is nonnegative. We find that Fℓ(a, n) exhibits Horn recursion on the boundary where the inequalities (1) are equalities. In other words, where the expected dimension of s k=1 f i (Λ w k ) is zero for all i ∈ {1, 2, . . . , r}. Equivalently, this numerical condition can be described by the notion of L-movability. Let L be the Levi subgroup of P ⊆ G. We say (w 1 , w 2 , . . . , w s ) ∈ (W P ) s is Levi-movable (or L-movable) if for generic (l 1 , l 2 , . . . , l s ) ∈ L s the intersection s i=1 l i Λ w i is finite and transverse at the point eP ∈ G/P . We now state the main result of this paper. Let b i = a i − a i−1 and for any natural number r, let [r] denote the set {1, 2, . . . , r}. 
.
(ii) The s-tuple (w 1 , w 2 , . . . , w s ) is L-movable. 
We refer the reader to definitions 2 and 8 for the definitions of S n (a) and w k i,j respectively. Note that (iii) ⇔ (iv) is immediate by Horn's conjecture applied to the Grassmannians Gr(b i , b i +b j ). The notion of L-movability defines a new product on the cohomology of SL n /P which is deformation of the usual product characterized by the numerical conditions (3). This new product was initially defined by Belkale-Kumar in [2] and is denoted (H * (SL n /P ), ⊙ 0 ). This new product is commutative, associative and includes the Poincaré paring of dual Schubert classes. An explicit construction of ⊙ 0 is given in section 3.1. In the case of Grassmannians the usual product and new product coincide. The above theorem says that for any standard parabolic P ⊆ SL n , the cohomology H * (SL n /P ) exhibits Horn recursion on some smaller part given by (H * (SL n /P ), ⊙ 0 ). To prove theorem 1, we analyze the tangent space of the partial flag variety at the point eP . We find that the subtangent spaces of Schubert cells corresponding to a L-movable s-tuple decompose nicely with respect to a certain decomposition of the tangent space of SL n /P . Let the flagẼ • =Ẽ 1 ⊆Ẽ 2 ⊆ · · · ⊆Ẽ r where dim(Ẽ i ) = a i correspond to the point eP in SL n /P = Fℓ(a, n). Fix a splitting
Then there exists a natural decomposition
For any l ∈ L and w ∈ W P , we show that
We then show for each summand we can reduce to the case of a Grassmannian where sufficiency is already known to be true. A natural question to ask is: can this recursion can be extended in anyway to the full product structure on H * (SL n /P )? The answer to this question at this point is unclear. We begin discussion by constructing a new set of inequalities in which the inequality (1) is a special case. Purbhoo gives an interesting technique to produce necessary inequalities by considering projections of T eP G/P onto any vector space W . Indeed, if V ։ W is a surjection of vector spaces, any transversal intersection of subspaces in V will be projected to a transversal intersection in W . We apply this technique to the natural geometry of the tangent space of the partial flag variety Fℓ(a, n) and compute a set of necessary inequalities. It is an interesting question to ask if this set of inequalities is sufficient. Another question we ask is: does the additional structure of L-movability give any tools to compute structure coefficients in H * (SL n /P )? Let c v w,u be the structure coefficients defined by the product
In the case of the Grassmannian, the coefficients c v w,u are the Littlewood-Richardson numbers which have several nice combinatorial formulas. However computing these coefficients for Fℓ(a, n) is much more difficult. We find that if c v w,u comes from an L-movable 3-tuple, then c v w,u is a product of Littlewood-Richardson numbers. It is well known that the coefficient c v w,u is the number of points in a generic intersection of the associated Schubert varieties if this intersection is finite. Consider the projection of f 1 : Fℓ(a, n) ։ Gr(a 1 , n). For any Schubert cell Λ w ⊆ Fℓ(a, n) we have the induced Schubert cells f 1 (Λ w ) ⊆ Gr(a 1 , n) and
1 (V ) in the fiber over a point V ∈ Gr(a 1 , n). It is easy to see that Fℓ(a, n)| f −1 1 (V ) ≃ Fℓ(a γ , n−a 1 ) where a γ = {0 < a 2 −a 1 < · · · < a r −a 1 < n−a 1 }. We find if (w 1 , w 2 , . . . , w s ) is L-movable, then the generic intersection of the associated Schubert cells induces a generic Levi-movable intersection in the projection and fiber of the map f 1 . Thus we can write the structure coefficient as a product of induced structure coefficients coming from the projection and fiber. We state this result in theorem 45. Since the induced s-tuple of Weyl group elements on the fiber is also Levi-movable, we can once again decompose the induced structure coefficient. Hence finding the L-movable structure coefficients completely reduces to the case of finding these coefficients in the Grassmannians Gr(b i , n − a i−1 ) for i ∈ [r]. Note that these are not the same Grassmannians found in theorem 1(iii). The techniques used to show that a generic intersection remains generic in the projection and fiber are inspired by similar techniques used by Belkale in his proof of Horn's conjecture. The structure of this paper is as follows: In section 2 we give an overview of the algebraic/geometric structures of SL n /P . In section 3 we look at L-movability and define the deformation of product structure of the H * (SL n /P ) and prove theorem 1 (i) ⇔ (ii).
In section 4, we analyze the tangent space of SL n /P and its decomposition with respect to the splitting of C n given in (10) . Using this splitting we prove theorem 1 (ii) ⇔ (iii). In section 5 we give a new list of inequalities derived from the geometry of SL n /P for general non-vanishing of classes of Schubert varieties. Finally, in section 6, we produce a inductive formula for structure coefficients associated to L-movable s-tuples.
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Preliminaries on partial flag varieties
Let SL n be the special linear group on the vector space C n . Let H ⊆ SL n be a maximal torus and define W SLn := N(H)/H be the Weyl group, where N(H) is the normalizer of H in SL n . It is well known that W SLn is isomorphic to S n the permutation group on n elements. Choose a basis {e 1 , e 2 , . . . , e n } of C n such that the action of w ∈ W SLn on C n is given by we i = e w(i) . Let B ⊆ SL n be the Borel subgroup containing H that fix the subspaces E i = e 1 , e 2 , . . . e i for i ∈ [n]. Let P be a parabolic subgroup containing B. Let U = U P be the unipotent radical of P and let L = L P be the Levi subgroup of P such that P is the semi-direct product of U and L. For the groups SL n , H, B, P, L, let sl n , h, b, p, l be their respective Lie algebras. Let ε 1 , ε 2 , . . . , ε n ∈ h * such that ε i e j = δ i,j e j , where h * acts on C n via the induced action from H. Let R = {ε i − ε j | i = j} ⊆ h * be the set of roots of g with respect to h and ∆ = {α 1 , α 2 , . . . α n−1 | α k = ε k − ε k+1 } ⊂ R be the set of simple roots. Note that we have an action of W SLn on R given by w(ε i − ε j ) = ε w(i) − ε w(j) and the simple roots form a basis for h * . Let {x 1 , x 2 , . . . , x n−1 } be a basis for h such that α i (x j ) = δ i,j . Let R + = {ε i − ε j | i < j} be the set of positive roots with respect to ∆. If α ∈ R + , then α = i≤k<j α k for some i < j. We say the simple root α k is in the expansion of α ∈ R + if α(x k ) = 1. We parameterize the standard parabolic subgroups by subsets of [n − 1] in the following way: For any parabolic subgroup P , let R + l be the roots contained in l * (note that L depends on P ). Then R + l has the form R + l = {α ∈ R + | α(x a i ) = 0} for some set of integers {a 1 , a 2 , . . . , a r } ⊆ [n − 1]. Let ∆(P ) = ∆\{α a 1 , α a 2 , . . . , α ar } be the set of simple roots contained in R + l . We identify P with the subset a = a P = {a 1 , a 2 , . . . , a r } ⊆ [n − 1]. Let W P be the subgroup of W SLn ≃ S n generated by the simple transpositions (i, i + 1) for i / ∈ a P . Define W P to be the set of minimal length representatives of the coset space W SLn /W P where the length of w is defined as
To conveniently talk about W P and its dependence on n and a, we will be using an alternate notation.
It is easy to see that W P = S n (a) as subsets of S n . Consider the homogeneous space SL n /P . The dimension of SL n /P is equal to r i=1 a i (a i+1 − a i ) where we set a r+1 = n. For any w ∈ S n (a), we have the Schubert cell BwP ⊆ SL n /P which is the B-orbit of wP . The Schubert cells are smooth subvarieties of SL n /P and have dimension equal to ℓ(w). The Schubert cells make up the Bruhat decomposition SL n /P = w∈Sn(a)
BwP.
For any w ∈ S n (a), define the Schubert variety to be closure BwP . Denote the cohomology class of BwP by [X w ] ∈ H 2(dim SLn/P −ℓ(w)) (SL n /P, Z) (this notation is taken from the geometric definition of the flag variety). The set {[X w ] | w ∈ S n (a)} forms an additive basis for H * (SL n /P ).
We now look at the geometric definition of the partial flag variety. Let a = {0 < a 1 < a 2 < · · · < a r < n} be an increasing sequence of integers and set a 0 = 0 and a r+1 = n. Define
to be the collection of partial flags on some fixed vector space C n . If a = [n − 1], we will denote the set of complete flags by Fℓ(n). In general, if W is a complex vector space let Fℓ(W ) denote the complete flags on W . Let F • = F 1 ⊂ F 2 ⊂ . . . ⊂ F n ∈ Fℓ(n) and w ∈ S n (a). Define the Schubert cell by
Define the Schubert variety to be the closure of X
For any w ∈ S n (a), denote the cohomology class of
is independent of the choice of flag F • ∈ Fℓ(n). Next we show that these two definitions of Schubert variety are the same.
2.1 Identification of SL n /P and Fℓ(a, n)
The connection between the algebraic and geometric constructions of the partial flag variety is of course via the standard SL n action on C n . Define the complete flag E • ∈ Fℓ(n) by
. Then the stabilizer of E • ∈ SL n is the Borel subgroup B. Similarly, the partial flagẼ • ∈ Fℓ(a, n) defined byẼ i = e 1 , e 2 , . . . e a i ∀ i ∈ [r + 1] is stabilized by the parabolic subgroup P . It is easy to see that the map between SL n /P and Fℓ(a, n) given by
is a SL n -equivariant bijection.
It is easy to see that the SL n -equivariant action on the Schubert cells is given by
Transversal Intersections
The condition of a transversal intersection of varieties is one on the tangent spaces. Let X 1 , X 2 , . . . , X s be smooth connected subvarieties of smooth variety X. The intersection of
The following two propositions are important facts on transversal intersections. See Kleiman [7] and Fulton [5] respectively for proofs.
Proposition 4. Let G be a connected algebraic group that acts transitively on a variety X over C. Let X 1 , X 2 , . . . , X r be smooth irreducible (not necessarily closed) subvarieties of X.
Then there exists a nonempty open subset of
U ⊆ G s such that for (g 1 , g 2 , . . . , g s ) ∈ U, the intersection s i=1 g i X i (
possibly empty) is transverse at every point in the intersection and
The following are equivalent.
Since SL n acts transitively on Fℓ(a, n), part (ii) is trivially equivalent to part (iii) in proposition 5.
Levi-movability
For any w ∈ S n (a), define the shifted Schubert cell Λ w = w −1 BwP ⊆ SL n /P . Note that eP ∈ Λ w and that Λ w = X
Let L ⊆ P be the Levi subgroup with respect to P . For any i ∈ [r + 1], the action of L fixes the subspace Q i where Q i = e a i−1 +1 , e a i−1 +2 , . . . , e a i . This defines a splitting of
It is easy to see that the Levi subgroup decomposes into the product
and for generic
The definition of L-movable can be defined in the same way for any semi-simple complex algebraic group G and is used in this generality by Belkale-Kumar [2] .
Weyl group elements
We define certain Weyl group elements on Grassmannians induced from Weyl group elements of partial flag varieties. Let P i be the maximal parabolic identified with the set
, we have W P ⊆ W P i and the induced surjection S n (a) ։ S n (a i ). For any w ∈ S n (a), define w i ∈ S n (a i ) to be the image of w under this map. Equivalently, w i is the minimal length representative of w in W SLn /W P i .
We define
Note that w i,j is well defined sinceȧ k <ȧ k+1 for all k = b i .
Example 9. Let a = {2, 4, 7} and let n = 8. Consider w = (14253786) ∈ S 8 (a). Then we have
and
A simple calculation using equation (5) gives the relationship of the length of w, w i and w i,j .
Remark 10. Let w ∈ S n (a), then
The next two sections focus on proving (i) ⇔ (ii) and (ii) ⇔ (iii) of theorem 1 respectively.
A numerical condition for L-movability
The following character is used in Belkale-Kumar [2] to define the numerical condition given in (1).
Definition 11. For any standard parabolic subgroup P and w ∈ S n (a), define the character
Theorem 12. Let (w 1 , w 2 , . . . , w s ) ∈ (S n (a)) s such that equation (2) holds. Then the following are equivalent. , n) ) under the usual cohomology product, and for every i ∈ [r], we have
For proof of the above theorem see [2] Theorem 15. We remark that the above definition of χ w can be applied to general G/P and that theorem 12 is true in this general situation.
To prove (i) ⇔ (ii) in Theorem 1, we show that (13) is equivalent to (3) in the SL n /P case. First, we need the following lemma.
Lemma 13. Let w,ẇ ∈ S n and i ∈ [r]. If w i =ẇ i ∈ S n (a i ), then the number of roots in
as unordered sets. Let A, B ⊆ [n] denote these sets respectively. Then for any α ∈ R − , we have
. . , n}. This proves the lemma. Proposition 14. For any w ∈ S n (a) and i ∈ [r],
Proof. Consider the following Cartan decompositions
Using these decompositions, we identify the tangent space of SL n /P at eP with
Let w ∈ S n (a) and consider the subgroup w −1 Bw ⊆ SL n . The corresponding Lie algebra is
since the induced action of the Weyl group on the Lie algebra is conjugation. Therefore the tangent space of Λ w = w −1 BwP ⊆ SL n /P can be identified with
By the definition of R + l , the set R + \R + l consists of exactly those positive roots with at least one of α a 1 , α a 2 , . . . , α ar in its expansion. In particular if P = P i , then
is exactly those positive roots that with α a i in its expansion. Since the action of w
is a permutation, we have
Since each g α is one dimensional and α i is in the expansion of each β ∈ R + \R + l i exactly once, we have dim(SL n /P i ) = β∈R + \R + l i β(x a i ). Recall that w i is the minimal length representation of w ∈ S n (a i ). By Lemma 13, we have
Proof of (i) ⇔ (ii) in Theorem 1:
By Proposition 14, for any i ∈ [r] we have
Thus theorem 12 proves (i) ⇔ (ii) in theorem 1. 2
Deformation of the cup product
We take this moment to properly define the new cohomology product ⊙ 0 on H * (SL n /P, Z). We state the definition and some basic facts on the new product. Further discussion of this new product can be found in [2] . We remark that the new product can be applied to any G/P . For w, u, v ∈ S n (a) and let c v w,u be the structure coefficients in H * (SL n /P, Z). So we have
For each a i ∈ a P , consider an indeterminate τ i and define
Extend this to a Z[τ i ] a i ∈a P -linear product structure on
The following are some properties of the product ⊙. Proofs for these properties can be found in [2] Section 6.
Proposition 15. The following are true:
is well defined, associative and commutative.
For w
Definition 16. Define the the product (H * (SL n /P, Z), ⊙ 0 ) by
Note that as a Z-module, (H * (SL n /P, Z), ⊙ 0 ) = H * (SL n /P, Z). It is easy to see by Theorem 12, that ⊙ 0 is the usual product structure excluding all non L-movable intersections. We would also like to remark that ⊙ 0 preserves the Poincaré pairing of the usual product structure.
Proposition 17. If P is maximal in SL n , then product structure of (H * (SL n /P, Z), ⊙ 0 ) and H * (SL n /P, Z) is the same.
For proof see [2] Lemma 19. In the generalization of proposition 17 to G/P , the condition maximal parabolic is replaced by miniuscule maximal parabolic. Note that for SL n , all maximal parabolic subgroups are miniuscule.
Tangent spaces of flag varieties
We give an overview of the tangent space structure of Fℓ(a, n). Let W = C n . We think of the tangent space of a flag variety as subspace of the tangent space to a larger variety. There exists a natural injective map from Fℓ(a, n) to the product
Gr(a i , n) given by
This injection induces an injective map on tangents spaces. For V • ∈ Fℓ(a, n), we have
Gr(a i , n) .
It is well known the the tangent space of Gr(a i , n) at the point V i is canonically isomorphic with Hom(V i , W/V i ). This gives us an injective map
Hom(V i , W/V i ).
Let i j : V j ֒→ V j+1 and ρ j : W/V j ։ W/V j+1 denote the naturally induced maps from the flag structure of V • and let φ = (φ 1 , φ 2 , · · · , φ r ) denote an element of
In other words, the set of φ ∈ r i=1 Hom(V i , W/V i ) such that the following diagram commutes:
Proof. Since both sides of the equation (14) are vector subspaces of
Hom(V i , W/V i ) of the same dimension, it suffices to show the LHS ⊆ RHS. Since Fℓ(a, n) is homogeneous, consider V • =Ẽ • . Fix the splitting of W = C n given in (10) . We have
Hom(Ẽ i , W/Ẽ i ) and i ∈ [r] define V φ i := e 1 + φ i (e 1 ), e 2 + φ i (e 2 ), . . . , e a i + φ i (e a i ) .
It is easy to see that
Therefore any φ ∈ TẼ
• Fℓ(a, n) must satisfy the commuting conditions given in (14).
The splitting (10) of W is important to our analysis of tangent spaces. The following remark gives us a further simplification of the tangent space of Fℓ(a, n).
Remark 19. The tangent space of Fℓ(a, n) at the pointẼ • is given by
with respect to the splitting (10).
Viewing the tangent space is this respect allows us to avoid the hassle of dealing with commuting conditions. The trade off is that this isomorphism is clearly non-canonical. However, each Hom(Q i , Q j ) is canonically isomorphic to the tangent space Lemma 20. Let r < n and w ∈ S n (r). Let F • be a complete flag on W . For any V ∈ X
• w (F • ) ⊆ Gr(r, n), the tangent space of the Schubert cell at the point V is given by
We generalize this description to Schubert cells on the partial flag variety Fℓ(a, n) with the following proposition.
Proposition 21. Let w ∈ S n (a) and let F • be a complete flag on
where w i is given in definition 7.
Proof. Similarly to Proposition 18, both sides of the equation (16) are vector subspaces of T V• Fℓ(a, n) of the same dimension and therefore suffices to show RHS ⊆ LHS. Fix i ∈ [r]. Consider the map f : Fℓ(a, n) → Gr(a i , n) given by f (V • ) = V i . Clearly this map is surjective and induces a surjective map f * on the tangent spaces at the point V • given by f * (φ) = φ i . By Lemma 20, it suffices to show that
. We will prove this using the algebraic notation. By definition, we have that w i is the minimal length representative of w in the coset W/W P i . Therefore we have that
The map f : SL n /P → SL n /P i is simply f (gP ) = gP i . Hence
Choose g ∈ SL n such that F • = gE • . Then f (gBwP ) = gBw i P i . Using the identification given in Proposition 3 completes the proof.
Consider the pointẼ • ∈ Fℓ(a, n). Our goal is to analyze TẼ
with respect to the decomposition (15). Unfortunately, for generic flags F • , the tangent space of the Schubert cell will degenerate when intersected with the subspaces Hom(Q i , Q j ). The good news is that the notion of L-movability gives us a way is determining for which flags F • does the space TẼ 
. , t r } be distinct positive integers. Define the action of t on X by t(
Definition 24. For any partial flag variety Fℓ(a, n) and w ∈ S n (a), define
with respect to the splitting (11) of W = C n and for any {i < j} ⊆ [r + 1], identify
Let w ∈ S n (a) and F • ∈ F ℓ L,w (n). Then the following are true:
Proof. Let t = {t 1 , t 2 , . . . , t r+1 } be a set of distinct positive integers. Let t act on W by scalar multiplication with respect to the splitting (10) . Since
is fixed by the t action. By lemma 22, we have
, the map φ i can be written as the sum
under the direct sum given in (15). By equation (18), we have that
). Thus by lemma 22, proposition 25(i) is proved.
To prove part (ii) of the proposition, we note that both sides of the equation are subspaces of Hom(Q i , Q j ) of the same dimension. Thus it suffices to show the LHS ⊆ RHS. For any 
with φ i,j is included in the summation (19).
Our goal is to show the flag conditions above induce the appropriate flag conditions for
By the assumption, The numbers p k are the smallest numbers such that the flag
Then by lemma 26 below, the flag F w(a i +k)−p k (Q m+1 ⊕ Q m+2 ⊕ · · · ⊕ Q r+1 ) induces the flag F l (Q j ) on Q j if and only if l = w i,j (k) − k . Hence the map φ i,j in the decomposition (19) of φ m satisfies
Note that this result is independent of choice of i ≤ m < j.
Lemma 26. Let w ∈ S n (a) and {i < j} ⊆ [r + 1]. Choose m such that i ≤ m < j and let
Proof. If w i,j (k) = k + l, then w(a i−1 + k) is greater than exactly l elements in {w(a j−1 + 1), w(a j−1 + 2), . . . , w(a j−1 + b j )}. Hence
is greater than exactly l elements of {w(a j−1 + 1), w(a j−1 + 2), . . . , w(a j−1 + b j )} and w i,j (k) = k + l. For l = b j , we drop the right side of the inequality.
Proof of (ii) ⇒ (iii) in Theorem 1:
Hence by lemma 23, we have
Proof of (iii) ⇒ (ii) in Theorem 1:
Since P i,j is maximal, by proposition 17 we have that (w
for each i < j. By lemma 27 below, for every i < j, there exists a non-empty open set
and the intersection of the Schubert cells X
. Let L i,j be the Levi subgroup of the parabolic P i,j ⊆ SL(Q i ⊕ Q j ) which stabilizes the space Q i . Then for any w ∈ S n (a), the map
is well defined and surjective.
Proof. Let l = (g 1 , g 2 , . . . , g r+1 ) ∈ L with respect to equation (11) . By definition of w i,j , we have ψ w (lw
. Thus ψ w is well defined. Since ψ w is Lequivariant and L acts transitively on Fℓ L i,j ,w i,j (Q i ⊕ Q j ), we also have that ψ w is surjective.
Horn recursion for (H
In [2] , Belkale-Kumar give a list of necessary Horn-type inequalities which they call character inequalities satisfied by L-movable s-tulpes. They ask if these inequalities are sufficient. Theorem 1 answers this question affirmatively for the SL n /P case. Let c be a any algebraic group homomorphism from Z(L) → C * , where Z(L) denotes the center of the Levi subgroup L of P . We will call any such map a central character of L.
Definition 28. For any w ∈ W P and central character c, define the character
where 
We show that Theorem 1 implies sufficiency of the inequalities (22) in the SL n /P case by considering certain central characters. Recall that with respect to the splitting (10), we have the decomposition of L given in (11) . Hence
It is easy to see that all central characters of L such that χ , e a i−1 +2 , . . . , e a i−1 +d ⊆ Q i . Any maximal standard parabolic subgroup of L is of the form
Observe that in this case, the set ∆(P )\∆(Q L ) consists of the single root α a i−1 +d . A basic calculation gives the following:
for any w ∈ S n (a) and u ∈ S b i (d). In particular,
Hence the character inequalities (22) are the same as the inequalities (4) . The corollary below is a necessary and sufficient version of theorem 29.
Corollary 30. Let P be any standard parabolic subgroup of
Then the following are equivalent: 
Recall that (H * (SL n /P ), ⊙ 0 ) is a deformation of the usual cohomology product. It is an interesting question to ask if this recursion can extend in any way to the whole product structure. In the next section we begin a discussion on this problem.
A list of dimensional inequalities
We construct a list of necessary inequalities given that (w 1 , w 2 , . . . , w s ) ∈ S n (a) s satisfies the property
Note that L-movable s-tuples form a subset of these. We start by considering the following lemma which gives an equivalent statement for a transversal intersection.
Lemma 31. Let X 1 , X 2 , . . . , X s be smooth subvarieties of a smooth variety X and let x ∈ s k=1 X k . Then X 1 , X 2 , . . . , X s intersect transversally at x if and only if the induced map of vector spaces ψ :
Proof. To see this we note that ker(ψ) ≃ s k=1 T x X k ⊆ T x X. Then ψ surjective gives the short exact sequence
and therefore dim(
. . , w s ) satisfy (23), then lemma 31 and proposition 5 says there exist F ∈ Fℓ(n)
A basic application of this gives us the codimension inequality
Definition 32. Let w ∈ S n (a) and {i < j} ⊆ [r]. Let the set A = {w(a j + 1), w(a j + 2), . . . , w(n)}. Define
where w i is defined in definition 7.
Using a method of Purbhoo described in section 1, we obtain the following set of necessary inequalities.
Remark 34. If i = j, then p i,j w (l) = w i (l) − l and the equalities (25) take the form
which are exactly the inequalities (1).
Proof of Theorem 33:
For any V • ∈ Fℓ(a, n), consider the projection
Then by equation (17), for any w ∈ S n (a) and F • ∈ Fℓ(n), the image of the subspace
For any j ≥ i define the map f i,j : T V• (Fℓ(a, n)) → Hom(V i , W/V j ) composing the map f i with the map ρ i,j : W/V i ։ W/V j . So we have for any v ∈ V i ,
Note that the map f i,j is surjective since the map f i is surjective. For any (w 1 , w 2 , . . . , w s ) ∈ S n (a) s and F ∈ Fℓ(n) s , we have the corresponding commuting diagram:
where ψ and ψ i,j are just diagonal embeddings andf s i,j coordinate wise projection of f i,j . By the assumption and proposition 5, we can choose F such that the map ψ is surjective. Therefore, by commutativity of the diagram we have that ψ i,j is surjective and by lemma 31, the images under
. Lemma 35 below completes the proof by computing the codimension of the space
Proof. Since w ∈ S n (a) and i, j ∈ [r] are fixed for this proof, we denote p i,j w (l) by simply p(l).
. We can naturally identify W/V k = Q k+1 ⊕ Q k+2 ⊕ · · · ⊕ Q r+1 . With respect to this splitting, the map φ induces a map φ k : V k → W/V k by the following construction.
It is easy to see that (φ 1 , φ 2 , . . . , φ r ) ∈ T V• X
• w (F • ) and that f i,j (φ 1 , φ 2 , . . . , φ r ) = φ. Therefore
Question 36. These inequalities appear to encode a significant amount of the geometry behind a transversal intersection of Schubert cells in Fℓ(a, n). We ask if these inequalities are sufficient for the product
Structure coefficients
Proposition 4 on Kleiman's transversality says that for a generic flag F ∈ Fℓ(n) s , the intersection
for some positive integer c, then for generic F ∈ Fℓ(n) s , we have
The goal of this section is to produce a formula to write the structure coefficients c of Lmovable s-tuples as a product structure coefficients coming from Grassmannians. To do this we consider the projection f : Fℓ(a, n) ։ Gr(a 1 , n). We show that the number of points in an L-movable intersection of Schubert cells is exactly the number of points in the projected intersection in Gr(a 1 , n) times the number of points in the fiber over any point the projection.
We give a generalization of definition 8 in order to talk about induced Weyl group elements on the fiber.
b γ i and setã 0 = 0. Let w = (w(1), w(2), . . . , w(n)) ∈ S n (a) and consider the set A = {ȧ 1 ,ȧ 2 , . . . ,
Observe that if γ = {i < j}, then w γ = w i,j . Fix the set γ = [r + 1]\{1} and let a γ = {ã 1 < a 2 < · · · <ã r−1 }. Note thatã k = a k+1 − a 1 for any k ∈ [r − 1]. For any point V ∈ Gr(a 1 , n), the fiber f −1 (V ) is isomorphic to Fℓ(a γ , n − a 1 ). It is easy to see that for any w ∈ S n (a) and
The following lemma is immediate.
Lemma 38. Let (w 1 , w 2 , . . . , w s ) ∈ S n (a) s and let F ∈ Fℓ(n) s such that
Note that the identification above could possibly be empty. Using equation (5), we have the following relationships between the lengths of w, w γ , and w 1 . We now prove that an L-movable s-tuple induces a Levi-movable s-tuple on the fiber of f . For any V ∈ Gr(a 1 , n) and w ∈ S n (a 1 ), define
Lemma 40. For any V ∈ Gr(a 1 , n) and w ∈ S n (a 1 ), the map Y Proof. Let G = {g ∈ SL n | gV = V }. It is easy to see that the map above is a G-equivariant. Since G acts transitively by the Levi-factor on Fℓ(W/V ), the map is surjective.
Let P 1 denote the maximal parabolic associated to Gr(a 1 , n) and let L 1 be its Levi-subgroup. Let R = L 1 ∩ P denote the parabolic subgroup of L 1 . We can identify Fℓ(a γ , n − a 1 ) with the homogeneous space L 1 /R. Let L R denote the Levi-subgroup of R. (ii) The s-tuple (w Proof. Since (w 1 , w 2 , . . . , w s ) is L-movable, for generic F ∈ Fℓ(n) s the intersection Note that if (V, F ) has property P 1, then
is not empty by lemma 38. over any point V ∈ Gr(a 1 , n). Let Z be the quotient flag bundle on Gr(a 1 , n) with fiber Fℓ(W/V ) s over any point V ∈ Gr(a 1 , n). By lemma 27, the fiber bundle map η : Y ։ Z given by F → F (W/V )
